Abstract. In two dimensions the universality classes of self-avoiding walks (SAWs) on the square lattice, restricted by allowing only certain two-step configurations (TSCs) to occur within each walk, has been argued to be determined primarily by the symmetry of the set of allowed rules. In three dimensions early work tentatively found one (undirected) universality class different to that of unrestricted SAWs on the simple cubic lattice. This rule was a natural generalization of the square lattice 'spiral' SAW to three dimensions. In this report we examine a variety of three-dimensional SAW models with different step restrictions, carefully chosen so as to search for a connection between the symmetry of the rules and possible new universality classes. A first analysis of the scaling of the radius of gyration suggests several universality classes, including the one found earlier, and perhaps some novel class(es). However, a classification of these universality classes using the symmetries of the rules, or other basic rule properties, is not evident. Further analysis of the number of configurations and moment of inertia tensor suggests that in three dimensions the only non-trivial or undirected universality class is that of unrestricted SAWs.
Introduction
The self-avoiding walk (SAW) (see, for example, [1] and references therein) and its derivatives have been a major source of models describing the thermodynamic, geometric and topological properties of different types of long chain polymers in solution. A large number of modifications, such as the addition of various interactions (e.g. surface or intra-polymer) or particular restrictions (e.g. directedness), have been made to the basic model to mimic either various physical situations or to allow for easier analysis (such as exact solution). Some of these changes in the basic model modify the scaling behaviour of system properties, and hence change the universality class. For example, it is well known that restricting SAWs on the square or cubic lattices by only allowing steps in the positive axial directions, thus producing so-called directed (or rather fully directed) walks (see [2, 3] ), changes the way that the radius of gyration scales with polymer length. Geometric restrictions, such as directedness or spirality, are one particular type of modification whose effect on the scaling behaviour of walks is of considerable interest. Non-directed but restricted walks were first introduced by Grassberger [4] and the models he examined were found to be in the same universality class as SAWs. However, spiral SAWs (SSAWs) [5] [6] [7] [8] on the square lattice were subsequently found to be in a different universality class to unrestricted SAWs (and, of course, directed walks (DWs)). Another novel universality class, studied subsequently [9] [10] [11] [12] [13] , is that of anisotropic SSAWs (ASSAWs), also defined on the square lattice. This class has proven difficult to analyse [13] but appears to be distinct from the other classes.
The SAW models previously analysed that give rise to the various universality classes of walks with geometric constraints can be described by the title 'two-step-restricted walks' (TSRWs) since these models are specified by the directions in which subsequent steps are allowed after steps in each of the four (square lattice) lattice directions are made. For example, one might specify that after either positive x-or y-axis steps only positive x-or y-axis steps can be made and that negative steps are disallowed-this gives the fully DW. Such rules might model oriented polymers in complicated external fields. We note here that these TSRW models are by their nature oriented. In two dimensions a wide-ranging study [12] of the universality classes, as determined by the scaling of the mean square end-to-end distance, of two-step-restricted SAWs on the square lattice, without interactions, has been made. Apart from cataloguing the universality classes in two dimensions, and analysing the ASSAW class further, this study elucidated the relationship between the symmetries of the lattice models and their universality classes. The study found that symmetry was a major factor in deciding into which universality class a rule's configurations would fall.
The theoretical understanding of the effect of geometric restrictions on the scaling behaviour of three-dimensional SAWs is less well understood. Guttmann and Wallace [14] introduced two walk models on the simple cubic lattice, which they called model S and model A. Model A was argued to be in the same universality class as three-dimensional SAWs, while the model S, a three-dimensional equivalent of the spiral walk, appeared to be a member of a distinct class.
In this work we examine a subset of the possible two-step restriction rule models on the simple cubic lattice in a manner similar to that of Guttmann et al [12] . Our purpose in doing this is twofold: firstly to determine the possible universality classes for such rules in three dimensions and secondly to attempt to find a similar relationship between the symmetry of the microscopic rule and the macroscopic scaling behaviour of the ensemble of walk configurations, as in the work of Guttmann et al [12] . We focus on rules that are likely to produce configurations that are not simply directed, or zero, one-or two-dimensional. Exact enumeration and subsequent series analysis has been the basis of our studies here. Our first analyses on the radius of gyration series show the possibility of novel universality classes in three dimensions. However, no correspondence can be made between the symmetry of the rules and these apparent universality classes. Also, the difference in the exponents between different universality classes is relatively small. More detailed analysis paints a different picture: that there are no 'real' equivalents of the spiral or anisotropic spiral classes among three-dimensional two-step rules-that is, there are no novel universality classes-and so we deduce that the unique topology of two dimensions must be an important factor in determining the number of different universality classes there.
We begin our discussion in the next section with the definition of a TSRW model. The space of TSRW models is much larger in three dimensions than in two. To understand the factors important in our choice of models to study we first review the results of earlier square lattice studies with a view to extracting the salient features. We provide a complete pictorial classification of the interesting square lattice TSRW models in appendix A. This motivates the cubic lattice models we have studied, which we describe in section 2 also. We then describe the generation of our exact enumeration data and its various analyses in section 3. Finally, in section 4 we provide a discussion of our numerical results, summarizing the different reasonable theoretical scenarios, and cautiously pointing out the most likely conclusions. 
Two-step-restricted walk models

Definition
In this paper we consider two-step-restricted SAW (TSRW) models on the square and simple cubic lattices. However, this type of model can be defined on any lattice with a finite number of types of vertices. To be specific, and for the sake of simplicity, let us first consider the square lattice problem. One begins by considering oriented SAWs on this lattice (starting from some fixed origin). To specify the model one does two things. The first is to generate a set of allowed two-step configurations. To do this one considers a vertex of the lattice and, in turn, each of the bonds emanating from that site. On the square lattice there are four bonds emanating from each site. Assuming a step of the walk is on the bond (one of the four) under consideration one then specifies the bonds that are allowed for the next step of the walk. From each of the four first-step bonds there are three possible continuing bonds (considering self-avoidance). This means there are 12 possible TSCs for an oriented SAW on the square lattice. Figure 1 illustrates this construction with the possible 12 TSCs explicitly given. To specify a TSRW model one must say which of the 12 two-step configurations are allowed and which are not allowed. There are hence 2 12 = 4096 possible rules, and so 4096 walk models. Figure 2 illustrates one TSRW rule with the associated allowed TSCs also shown. The second part in obtaining a model is to take all oriented SAWs on the lattice where each two-step segment of each walk is one of the allowed TSCs. One then can ignore the orientation and this leaves a set of SAWs which then defines a two-step-restricted rule model. Now, as mentioned above, this construction can be made on any regular lattice. On a d-dimensional hypercubic lattice the cardinality of the rule space is 2 2d(2d−1) , so while in two dimensions the cardinality of the rule space is 2 12 = 4096, in three dimensions it is 2 30 = 1073 741 824. The size of the three-dimensional rule space leads us first to re-examine the two-dimensional rule space more carefully. 
Two dimensions
Summary of two-dimensional results.
On the square lattice Guttmann et al [12] have catalogued the classes of two-step-restricted SAWs, and examined the relationship between the scaling of the size of the objects, as measured by the various components of the end-to-end distance, and the symmetries of the walk rule. Some SAW models on other two-dimensional lattices have also been considered previously. Most notably the unrestricted SAW on the triangular and honeycomb lattices [15] [16] [17] appear, within error calculations, to be in the same universality class as square lattice SAWs. Variants of the spiral SAWs on the triangular lattice have also been studied [18] [19] [20] . At least with respect to the scaling of the size of the walks, as measured by the radius of gyration for example, the triangular and square lattice SAWs show similar scaling behaviour. In Guttmann et al [12] the universality class was delineated mainly by considering the mean square end-to-end distance R 2 e n scaling of these walk models with walk length n, this being a measure of the size of the model polymer similar in behaviour to the radius of gyration, R 2 g n . The exponent associated with any measure of the average area of configurations, R 2 n , is denoted ν and one usually expects the dominant asymptotic form to be R [21], regardless of lattice. To be most general one needs to define scaling exponents in the maximal and minimal scaling directions, that is ν and ν ⊥ respectively. The work of Guttmann et al [12] concluded that there are seven universality classes of two-step restriction models on the square lattice delineated by their 'size' scaling. Three of these are such that neither of the exponents take on the values 1 or 0 (these values imply some kind of one-or zero-dimensional behaviour respectively). These three classes are: unrestricted SAWs with ν = ν ⊥ = 3 4 ; SSAWs where ν = ν ⊥ = 1 2 [8, 18] with confluent multiplicative logarithmic factors in the asymptotic form; and ASSAWs where the latest Monte Carlo evidence [13] suggests ν = 2ν ⊥ = 0.95 (2) . To be precise, the scaling form [8, 18] for SSAW geometric size has been derived exactly as R
2) The ASSAW model has certainly been the hardest to characterize and this may also be because of the existence of confluent logarithms in the scaling form for R 2 n for that class [13] . There c n ∼ Bµ n µ > 1 and γ = 1 [22] is no apparent exact solution for any ASSAW rule as there is for the SSAW class. A point worth noting here is that the radius of gyration seems to be affected by smaller corrections-to-scaling than the mean square end-to-end distance [13] , and so exponent estimates obtained from the radius of gyration converge more quickly to a stable asymptotic value. The classification of rules not falling into one of the three classes mentioned above is given by the following: some rules do not produce any long walks so ν = 0 and ν ⊥ = 0, that is, they are trivial or zero-dimensional rules; there are one-dimensional rules with ν = 1 and ν ⊥ = 0 where configurations are essentially made up of a single one-dimensional walk; there are rules that produce configurations made up of different one-dimensional walks, perhaps concatenated together a bounded number of times-they have ν = 1 and ν ⊥ = 1; finally, some rules give walks that fall into the universality class of DWs with ν = 1 and ν ⊥ = 1 2 (these are often described as (1 + 1)-dimensional or even ' 3 2 '-dimensional). The other property that has been commonly used to classify the behaviour of a SAW model is the scaling, or asymptotic form, of the number of configurations (or partition function), c n , of length n. For SAWs it is usually expected that the dominant asymptotic form of c n is given by
where µ is the 'connective' constant and γ is the universal entropic critical exponent. However, the scaling forms of c n for SSAWs and ASSAWs have been shown, exactly in the case of SSAWs [5] [6] [7] [8] 18] , and predicted numerically in the case of ASSAWs [11] , to have different forms. The two-dimensional results for c n are summarized in the table 1. Only in the case of unrestricted SAWs and DWs is it possible to interpret the power of the algebraic factor as a critical exponent (only in these cases does the associated generating function have a dominant algebraic singularity). The models labelled triangular spiral II and III have a multiplicative logarithmic confluent factor in their scaling form relative to the square lattice spirals. The geometric size scaling for these models remains undetermined so it is unclear how to interpret the triangular lattice results. It is likely that the geometric size scaling is less sensitive to minor variations in the model and that the exponent ν for these models is 1 2 (log) as in the case of square lattice spiral and 'triangular spiral I' walks.
Discussion of square lattice rules.
We now concentrate on the classification of the square lattice TSRW models via their geometric scaling form. As described above, Guttmann et al [12] found that there are seven universality classes. They also attempted to ascertain the microscopic constraints on the rules that determine the geometric scaling form of the walks. They concluded that three factors were important in determining the universality class. The first Table 2 . Length scale exponents and symmetries for the seven known two-dimensional universality classes of two-step-restricted rule SAW. We define a one letter code for each class. The letter 'y' stands for 'yes', 'n' for 'no', and 'e' for 'either'. was the (somewhat imprecise) idea that there must be enough of the 12 TSCs allowed to give a non-trivial or non-one-dimensional rule. Secondly, they quoted 'balance' as a criterion: rules that do not have equal numbers of continuing steps in the positive and negative components of each axis are either directed, one-dimensional or trivial. This criterion was tested for several rules and seems to be well borne out by the exact enumeration studies. One can also argue that if the rule is unbalanced then the random walk generated with the rule will be directed. Furthermore, one can plausibly conjecture that adding self-avoidance should not affect this directedness. Hence, unbalancedness is a good indication that the SAW generated with this rule is directed also. Note, however, that the converse is not true: the 'balance' condition is satisfied by some rules that give directed and one-dimensional walks. The final determining factor in the classification of the non-directed and non-one-dimensional (and trivial) rules was argued to be that of symmetry. The symmetries involved are single rotations and reflections: on the square lattice rotations by π and
, and reflections about the lines θ = 0,
. In table 2 the seven (geometric scaling) universality classes are listed, along with the symmetries obeyed by the various rules in that class. So if one excludes directed, one-or zero-dimensional TSRW rules then:
• All SAW-like rules have rotation-by-π symmetry and some reflection symmetry.
• All spiral-like rules have rotation-by-π 2 (and hence rotation-by-π ) symmetry but no reflection symmetry.
• All ASSAW-like rules have rotation-by-π symmetry but no rotation-by-π 2 or reflection symmetries.
To be able to tackle the three-dimensional TSRW models let us first consider this classification in a little more depth. The balance condition can be expanded. Since one can always obtain the same walk configurations of a particular rule by considering the 'reverse' rule, which is obtained by reversing the orientation on the set of TSCs (and reversing the origin of the walks), it is sensible to also enforce a balance condition on the reversed walk of any rule one requires to be non-directed or non-one-dimensional. We denote this the 'reverse-balance' condition. Note that there are rules that are balanced but not reverse-balanced and so produce such walks in the directed or one-dimensional universality classes (see, for example, rule (k) in [12] ). As mentioned previously, there are 4096 TSRW models on the square lattice. There are, however, only 80 such rules that obey the balance and reverse-balance conditions, which we shall refer to as the symmetric-balance condition from now on. For completeness we provide a complete catalogue of the 80 two-dimensional symmetric-balanced rules in appendix A, with classification according to the total number of continuing steps and universality class. The symmetries mentioned above mean that there are in fact only 24 distinct symmetric-balanced rules on the square lattice. ÔDistinct rulesÕ here implies that the set of walk configurations are distinct up to lattice symmetries.
However, there is clearly one further criterion missing to distinguish the 'interesting' rules. One can see in hindsight that none of the rules that are symmetric-balanced and fall into the D, U , O or T classes obey the following condition: that from each of the four directions one can by a sequence of allowed steps end up in any direction (including itself again) while obeying self-avoidance. We call this the mixing condition: it is, of course, related to the fact that there are 'enough' continuing steps in each direction.
So, following on from Guttmann et al [12] one can write down a simple set of rules to determine if a rule produces walks in one of the S, P or A classes. Starting with all TSRW rules:
(1) All rules that are not symmetric-balanced are directed, one-dimensional or trivial (that is in the D, U , O or T classes). Note that all rules in the S, P and A classes (in fact, of the original 4096 there are only 22 rules-seven distinct rules-in these classes) with the exception of the rule mentioned in the appendix, called the anti-spiral, are symmetric with respect to rotations of π. (If the anti-spiral was in a novel universality class then the above classification would simply be expanded to distinguish the symmetric-balanced and mixing rules that have a reflection symmetry but no rotation symmetry at all.) It is also interesting to note that one can distinguish the non-one-dimensional and non-DW by examination of their turning numbers. We define the turning number for a two-dimensional walk rule as the square of the difference of the number of TSCs that make a left turn to the number of TSCs that make a right turn. Those TSCs that proceed straight ahead make no contribution to the turning number. Using the turning number we could replace the last three steps in the above classification scheme by: The anti-spiral has turning number 0.
So, in summary, the set of TSRW rules giving walks in the 'interesting' classes of S, P and A are distinguished from other rules by the symmetric-balance and mixing conditions, while they are distinguished from each other by the consideration of the symmetry of the rules. We note that it may be possible to distinguish rules in the D, U , O or T classes from each other but this is of less interest.
Three dimensions: delineating properties of the two-step rule space
In two dimensions the cardinality of the TSRW rule space is 2 12 = 4096, while in three dimensions it is 2 30 = 1073 741 824. In this paper we shall follow the lessons learned in the discussion of two-dimensional models described above. We do this by only considering rules that are symmetric-balanced and mixing. Let us call the set of TSRW rules that obey the symmetric-balanced and mixing conditions the symmetric-mixing rules. So let us consider the implications of these conditions for the space of three-dimensional TSRW rules.
Characterizing symmetric-balanced rules.
On the simple cubic lattice there are 30 two-step configurations, so we could encode a particular rule by a 30 bit binary number. Alternatively we can encode the rules using a 6 × 6 square matrix of zeros and ones in the following way (six because vertices are sixfold coordinated on the simple cubic lattice). We label the lattice axes in the usual way with x, y and z, and steps in the ±x as r and l respectively, steps in the ±y as f and b respectively, and steps in the ±z as u and d respectively. Hence a TSC made up of an 'up' step in the positive z direction followed by a 'backward' step in the negative y direction is labelled as ub. We define the matrix, M , as
rr 0 rf rb ru rd 0 ll lf lb lu ld fr fl ff 0 fu fd br bl 0 bb bu bd ur ul uf ub uu 0 dr dl df db 0 dd
where the elements are 1 or 0 depending on whether the corresponding TSCs occur in the rule space or not, respectively. That is, if the TSC ub occurs in our rule then the position (5, 4), labelled by ub in equation (2.4) above, will contain a 1, otherwise it contains 0. For general dimensional hypercubic lattices the matrix M has binary elements with fixed zero elements for positions (2k − 1, 2k) and (2k, 2k − 1) for all k ∈ {1, . . . , d}.
We can write the various balance restrictions for the hypercubic lattice simply as follows: the balance condition requires that the sum of elements of M in successive columns taken in pairs is the same, that is
for k ∈ {1, . . . , d} (2.5) while the reverse-balance condition requires that the sum of elements of M in successive rows taken in pairs is the same, that is
The number of such rules can be calculated, and further, the detailed numbers of such rules made from a fixed number of TSCs can be calculated (see appendix B) by constructing a generating function that sums over all allowed matrices M subject to the constraints (2.5) and (2.6) above. The above construction can be applied in any dimension and in appendix B we have calculated the total number of symmetric-balanced rules as
• 80 walk models in two dimensions,
• 432 096 walk models in three dimensions and • 478 340 593 664 walk models in four dimensions.
This subset of symmetric-balanced two-step rules is manageable in two dimensions (we have in fact catalogued them completely in this paper). However, in three dimensions it is far too large to be examined in its entirety.
Symmetries of TSRW rules in three dimensions.
By restricting the consideration to only distinct symmetric-balanced rules the number of rules on the square lattice falls from 80 to 24.
If we further add mixing to the constraints imposed then this number falls to seven. So we now consider the symmetries of cubic lattice TSRW. This serves a dual purpose. The symmetries allow us to focus our attention on the distinct rules (rules that give distinct ensembles) and also provides a possible set of conditions that may be used to delineate any new universality classes discovered, as in two dimensions. We also consider the turning number as a property that may also delineate such classes. We now list all single rotations and reflection symmetries of the rules, as well as defining what we call the turning number of the rule. We also define a symmetry we call flip-symmetry: this was considered since its existence is a quick way to ensure that the rule is symmetricbalanced. The properties we have used in three dimensions to attempt to classify TSRW rules are (1) Rotational symmetries about the coordinate axes
• reflection in coordinate planes. The normals of these planes are given by: n =ê x , e y ,ê z ; the unit vectors in each axial direction.
• reflection in diagonal planes †. The normals of these planes are given by:
• The turning number for a three-dimensional walk rule is the sum of the turning numbers of the planar walk rules in each co-ordinate plane when viewed from the positive side of the co-ordinate axis normal to that plane. (4) Flip symmetry
• send each co-ordinate to its negative. In two dimensions this is equivalent to rotation by π . If a walk has the flip symmetry, then it is balanced and reverse-balanced. The reverse is not true.
It should be noted that it can be easily shown that TSRW rules in three dimensions with a π 2 rotational symmetry have a plane of reflection; the normal of the plane of reflection is the axis of the rotation. The converse is not true. So in later discussion we attempt to classify the rules studied into universality classes according to which single symmetry operations acting on the rules leave the rules unchanged. All the rules (bar one) examined had the flip symmetry, and as noted above this implies all the rules were symmetric-balanced.
Construction of symmetric-mixing cubic lattice TSRW rules
Without actually going through all 432 096, or even the smaller number of distinct isosymmetric sets, of the symmetric-balanced TSRW rules on the cubic lattice we wanted to be † The operator to reflect a vector in the plane with normal vector n = (ê x +ê y +ê z ), is given by the matrix:
From this matrix we see that the vectorê x is mapped to 1 3 (ê x − 2ê y − 2ê z ). That is, this operator is not closed on the vector space Z 3 . Hence a walk rule cannot have symmetry under this reflection, nor reflections in planes with normals given by (ê x ±ê y ±ê z ).
able to choose a set of three-dimensional rules that adequately explored this set of models (by encompassing the different symmetries, etc). We also wanted to ensure the mixing condition held. To do this we chose to consider walk rules in three dimensions such that on each of the three axial planes the rule was one of a small number of planar walks. We chose to construct rules using representatives from most of the two-dimensional universality classes. We chose from the following rules (see the catalogue of rules in appendix A for the rule numbers): Each three-dimensional rule we considered can be given a three letter code such as (P -O-3), which means the plane with a normal along the z-axis was given the square lattice rule (P ) while the plane with a normal along the y-axis was given the square lattice rule (O) and the plane with a normal along the x-axis was given the square lattice rule (3). The three-dimensional SAW is denoted by (S-S-S), Guttmann and Wallace's spiral walk [14] (model S) is (P -P -P ) while Guttmann and Wallace's 'anisotropic spiral' 3D-equivalent (model A) is (S-C-3). Note that not every combination of these types is possible; for example, one cannot construct a (S-3-2) walk. This is because each quadratic lattice walk is defined by 12 choices of TSCs that is made, and since there are three axial planes we have a total of 36 choices to make. However, in three dimensions one really has only 30 possible choices to make, so some combinations will be inconsistent (and so impossible). The five models that we have analysed most extensively are illustrated in figures 3-7. In figure 3 the rule (P -P -P ) is shown, in figure 4 the rule (P -2-2) is shown, in figure 5 the rule (P -O-3) is shown, in figure 6 the rule (S-C-P ) is shown, while in figure 7 the rule (P -R-2) is shown. Note that the turning number of the three-dimensional rule is simply the sum of the turning numbers of the three two-dimensional rules that make up the rule. In fact we have examined by exact enumeration studies all the walk rules constructed plane-by-plane with the added restriction of not having more than one plane with a onedimensional or directed rule (D, C, O or R). This restriction was made to ensure we ended up with three-dimensional rules that were mixing. We considered the 38 such rules initially. All these rules had flip-symmetry and so were symmetric-balanced, and therefore symmetricmixing. This was still too many rules to consider in depth and because of the larger connective constants in three dimensions than in two the series enumerated were relatively shorter. We chose the nine most promising rules from a numerical point of view that covered many of the symmetry combinations plus three other rules (one not constructed in the above manner) so as to include all possible symmetry combinations. These rules included both the rules considered by Guttmann and Wallace previously [14] .
We especially constructed a rule outside the gamut of the procedure described above so as to produce a rule that was symmetric under rotations by π but not under rotations by π 2 or any reflection. We call this rule Rot-π and it is a symmetric-balanced rule. The M matrix for 
Exact enumeration results and analysis
We now describe the enumeration and analyses of the 11 TSRW models constructed plane-byplane, in the manner described in the section 2.4. The rules were (3-3-C), (S-C-3), (P -2-2), (P -R-2), (P -3-3), (P -O-3), (P -P -P ), (S-P -3), (P -P -3), (P -P -D) and (S-C-P ). These were chosen from the original 38 models on which we performed short enumerations, not detailed here. We also considered the (Rot-π) rule, described above, to ensure the different possible symmetry combinations are covered. After the analysis of the 12 models we concentrated on the five models that were numerically best behaved and representative of the numerical behaviour found in the 12 models. We began by enumerating the numbers of walks, c n , and the total radius of gyration, r n , where R 2 g n = r n /c n , for each of the 12 models listed above using a recursive back-tracking algorithm up to various maximum lengths, n N , that depended on the model. (Later we also calculated the full moment of inertia for five of the models.) We chose to calculate and analyse the radius of gyration rather than the end-to-end distance since in two-dimensional studies the asymptotic analysis of the radius of gyration [13] has proven less affected by corrections-toscaling, as discussed in section 2. The lengths of the enumerations depended on the effective connective constants of the models, and our enumerations ranged in length, N , from 18 to 29. The initial enumerations of the 12 models are given in appendix C. In particular, we have increased the length of the enumerations for the (P -P -P ) model from 23 [14] to 29 and the (S-C-3) model from 18 [14] to 23 steps. As an example, the (P -P -P ) enumerations up to length 28 took approximately 150 CPU hours on a Digital Alphastation 500/266.
Review of previous three-dimensional work
Unrestricted SAWs, (S-S-S), on the cubic lattice have been studied by both exact enumeration [16] and Monte Carlo techniques [23, 24] . For unrestricted SAWs scaling theory [1] predicts that the number of walks scales as
and that the total radius of gyration scales as
while the average radius of gyration scales as R
An exact enumeration study [16] Various high-precision Monte Carlo studies using walks up to lengths N = 40 000 and N = 80 000 respectively have found γ = 1.1575(6) [24] and 2ν = 1.1754(12) [23] . To make a fair comparison with our series analysis of the 12 TSRW we shall only use the exact enumeration results quoted above for the unrestricted SAW model. Guttmann and Wallace [14] studied both the (P -P -P ) and (S-C-3) model by exact enumeration, with walk lengths up to 23 and 18 respectively. They calculated the end-toend distance rather than the radius of gyration. They used a differential approximant analysis, and also various ratio analyses to study the models. The differential approximant analysis concluded that for the (P -P -P ) model The ratio methods gave more precise answers for the geometric-size exponents, 2ν = 1.29(3) for the (P -P -P ) model, and 2ν = 1.18(1) for the (S-C-3) model. Note that, despite having similar numbers of terms as the unrestricted SAW enumeration, the analyses for these models give far less precise exponent estimates, and the series are far less well behaved under differential approximant analysis. Despite the large error bars on the differential approximant analyses, the further analyses via the ratio method led the authors to conjecture that the (S-C-3) model is a member of the unrestricted SAW universality class while the (P -P -P ) model is part of a novel class, being a three-dimensional counterpart to the 2D-spiral class (P ). They noted that both (S-C-3) rule and unrestricted SAWs have a plane of reflection symmetry while the (P -P -P ) rule does not. They then concluded that this may be the microscopic criterion for the difference in the universality class, as it is in two dimensions. We note in passing that, while (S-C-3) possesses a rotation-by-π symmetry, the (P -P -P ) rule has no rotation symmetry (in contradiction to the claim made in [14] ), so that could equally well be the microscopic criterion.
Differential approximant analysis of c n and R
2 g n for 12 TSRW models We first performed differential approximant analyses [25] on the number of walks, c n and the radius of gyration R 2 g n for the 12 TSRW models. We used second-order inhomogeneous approximants that utilized all the available coefficients, and we varied the range of the order of the polynomials to suit the lengths of the series. We checked some of the analyses with first-and third-order approximants. In general, the first-order approximants were not as well behaved and the third-order approximants gave similar results to the second-order approximants, though they could not be used effectively due to the short length of many of the series.
Since we had no a priori estimates for the critical points of the various c n series, we arrived at our 1 µ and γ estimates by using unbiased approximants, and obtained error estimates from the spread (standard deviations) of the approximants. The estimates calculated were the mean values and the errors were two standard deviations.
We then considered the radius of gyration series, R 2 g n . Since the generating function of R 2 g n should have a critical point equal to unity we used this as one measure of the convergence of that series. Many of the R 2 g n series were poorly converged compared with the unrestricted SAW series. Most also had a relatively wide spread of approximants. We found that using 'biased approximants', as per [25] , yielded very poor results. Instead we arrived at a biased exponent estimate from the unbiased approximants in the following way: we took a large range of (unbiased) approximants, made a linear fit on the central section of the approximants and then extrapolated back to a critical point of x = 1. The various estimates and associated errors we calculated were taken from this linear fit. Firstly, we calculated the mean critical point and exponent of the approximants on which the linear fit was taken, which we denotex c and 2ν respectively (errors are two standard deviations). Secondly, we calculated the estimate from linear biasing itself, 2ν LB (error quoted is the error from the linear regression). The final estimate, 2ν final ( stat )( sys ) is the same as the biased value, 2ν LB , but quoted with two errors: stat is the statistical error from the linear regression; while sys is a measure of the systematic error in biasing the approximants back to unity-it is equal to the difference between the mean exponent value and biased value, |2ν LB − 2ν|. Using sys for our estimate of systematic error may be considered rather conservative, but this estimate has proved to be a useful measure of systematic error in other SAW problems, such as polymer adsorption [26] . A typical differential approximant spread for the R 2 g n series is shown in figure 8 , with illustrations of the various estimates and associated errors we calculated given.
The results from the differential approximant analysis are given in table 3. Considering the entropic exponent γ estimates in table 3, we find that the SAW value of 1.161 falls within the respective errors estimated for all the models. This would suggest one reasonable conclusion to be that all the models are in the same universality class as unrestricted SAWs. The R 2 g n approximants, by contrast, seem to indicate that the models fall into possibly three different universality classes:
• SAW-like: (S-S-S), (S-C-3), (S-C-P ), (3-3-C), (Rot-π ) and (S-P -3);
• New: (P -3-3), (P -O-3) and (P -2-2);
• 3D-spiral: (P -P -P ) and (P -R-2).
We were unable to classify the (P -P -3) rule because of the size of the associated error bars on the exponent estimates; however, it seems to lie in either the apparent 3D-spiral class or the new class, though it may, of course, form another class again. Though the results from the analysis of the data are too poor to draw any reasonable conclusions we have included the (P -P -D) data because of the symmetries of the walk rule and its winding number. The spread of R 2 g n approximants for several representative rules is shown in figure 9 . This figure clearly shows what appears to be three separate bands of approximants representing Figure 8 . The differential approximant spread for the radius of gyration exponent, 2ν, for the (P -P -P ) model. The box indicates the area over which an average was taken. A linear fit is shown which gives our 'biased' estimate, 2ν LB , from the point where the fit has an intercept with the dashed x = 1 vertical line. The arrows indicate the means of the boxed region's critical point,x c , and exponent, 2ν. The difference between the boxed mean, 2ν, and the biased estimate, 2ν LB , of the critical exponent gives us an estimate of systematic error, sys : in other walk problems this has usually proved to be conservative, though not always. Table 3 . Exponent estimates from differential approximant analysis. There are two sets of results for the (P -P -P ) model, corresponding to second order and third order approximants. We include, for completeness, two sets of SAW (S-S-S) values, both obtained from exact enumeration data, one using our analysis method and one quoted from previous work. three separate universality classes. Our results in this section generally concur with those of Guttmann and Wallace [14] for the (S-C-3) and (P -P -P ) models. On the other hand, it is difficult to be confident in the conclusions of these results due to the relatively large systematic errors in the ν estimates that arise from the biasing procedure. It is possible that the conclusion Figure 9 . A plot of R 2 g n differential approximants for the exponent 2ν for several representative models. Notice the three distinct bands of approximants, each one made up from the approximants for several models. These bands seem to indicate that there are three universality classes.
that there is more than one universality class is a manifestation of corrections-to-scaling: the series being too short for the method of differential approximants to work effectively.
Assuming for the moment that the conclusions of the R 2 g n analysis are true, our next task was to attempt to establish the microscopic criteria that classify rules according to these apparent universality classes. We attempted this using the criteria that have proved useful in two dimensions. Given that all the rules are symmetric-balanced the various rule symmetries and the turning numbers were the candidates considered. The symmetries and turning numbers of these rules along with the maximum exact enumeration lengths are shown in table 4. All rules except (Rot-π) were flip symmetric. Note that the unrestricted SAW model, (S-S-S), has all the symmetries listed in table 4. Also, any rule that is symmetric under rotations by π 2 must be symmetric under rotations by π and also, as mentioned in section 2.3.2, must possess a reflection symmetry. Hence, the unrestricted SAW rule (S-S-S) is such a rule.
One can see immediately that all the rules in the new class, in the 3D-spiral class, and some in the SAW-like class do not have any rotation or reflection symmetries. Hence, these symmetries cannot be used to classify models into the apparent classes. In particular, reflection symmetry does not delineate the SAW class from the others. Hence, a classification according to symmetries of the rules is not forthcoming. A classification according to turning number would seem to be more successful (increasing turning number giving new classes at particular values, 20 and 36 perhaps). Here also there are problems: both the (S-P -3) and (P -O-3) rules have turning number 20 but seem to be in different universality classes and it is unclear in which class the model (P -P -3) lies despite having the same turning number as the model (P -R-2). These difficulties with an attempted microscopic classification and the consistency of the values of γ with the SAW value across all the rule models led us to examine the scaling behaviour of the models both using different quantities and with different analysis techniques in an attempt to find a consistent answer to this conflicting information.
We chose to examine five models representative of the apparent universality classes: (P -P -P ) and (P -R-2) for the 3D-spiral class, (P -2-2) and (P -O-3) for the new class, and (S-C-P ) Table 4 . Symmetries of the TSRW models examined. They are grouped according to the initial classification made from differential approximant analysis of the exact enumerations of the radius of gyration. The maximum length of the enumerations N is also given.
Rotation Rotation Any
24 n n n 24 (P -2-2) 24 n n n 24 Undetermined (P -P -D) 2 2 n n y 3 2 (P -P -3) 25 n n n 36 3D-spiral (P -R-2) 26 n n n 36 (P -P -P ) 2 9 n n n 4 8
representing the SAW class. We first considered further analysis of the c n series that attempted to take account of non-standard scaling forms such as occurs in the two-dimensional spiral class (P ), and secondly we analysed the mean moment of inertia tensor, I n , to search for exponent anisotropy as occurs in the two-dimensional anisotropic spiral class (A).
Further analysis of c n for five TSRW models
As stated above, we first expected that the number of walks, c n , behaved according to equation (3.1) for each of the rule models: the differential approximant analysis described above fits to this form (with implicit corrections). However, different scaling forms have been found in some two-dimensional walk models. Two-dimensional spiral walks [5] and walks of the ASSAW class [11] have scaling forms that include e √ n factors (see table 1 ). This additional factor present in the spiral walks' partition function scaling is mathematically related to the scaling of partitions of integers [5] ; in three dimensions it may be possible that there will be plane-partition-like terms which scale as [27, 28] p n ∼ Cn −25/36 e a P P n 2/3 as n → ∞.
We examined the possibility of corrections to the scaling form of the sort found in twodimensional spirals and also those found in plane partitions. Differential approximant analysis (at least without significant modification) is unsuited to the study of such scaling forms, since the new factors imply that the generating function has an essential singularity. Of course, if such factors are present then the previous differential approximant analysis would have been inappropriate. With this in mind we attempted to make a direct fit of the data to the following forms:
More precisely, we made successive fits using the series terms n, n − 2, n − 4 and n − 6, as necessary, to each of the forms (which (linearly) contain 3 or 4 constants to ascertain)
and log c n = a 1 + n log µ + (γ − 1) log n + a 2 n 2/3 (3.22) exactly. We made these fits with either γ free, or fixed at the SAW value (in the second case we used one less term at each stage). We did not attempt to consider multiplicative logarithmic corrections, as well as those above, since such forms are too difficult to fit with all but the longest series. The type of analysis described above is more refined than ratio analysis and has been used to great effect in SAW problems when considering corrections-to-scaling [29] . We illustrate the results of this fitting procedure in detail for the (P -P -P ) walks in appendix D.2. To summarize, after examining tables D1 and D2, one can see that if corrections of the form e √ n or e n 2/3 are introduced, then they have coefficients very close to zero. This implies that any effect of these terms is quite negligible, and indeed that they are probably not present. We have found similar results for the other four walk models considered. This gives us confidence that the differential approximant analysis of c n is giving reliable information. Hence, given that e √ n or e n 2/3 corrections seem not to be present in the scaling form for c n , our original conclusion from the differential approximant analysis then stands: namely, that all the rules, including (S-S-S), have the same value of the γ exponent within error, being that of the SAW universality class (around 1.16). If the walks scale with subtly different exponents or multiplicative logs, the series at hand are too short to allow an investigation of these possibilities.
Analysis of the inertia tensor for five TSRW models
In our initial enumerations of the 12 models (as well as our very initial enumerations-not described here-of the 38 models of section 2.4) we enumerated the radius of gyration so as to measure the scaling of the average size of walks in the various models. To gain a finer view of the scaling of the geometric size we calculated the full moment of inertia tensor for the five models we designated for more intense study. This allowed us to look for any scaling anisotropy and to consider the eigenvalues of this matrix in addition to the radius of gyration.
The eigenvectors of the moment of inertia matrix correspond to the natural coordinate axes in which the ('average') walks scale, and the eigenvalues to the radius of gyration in those directions. For example, in two dimensions the three-choice walk model [12] has a mean moment of inertia tensor with eigenvectors {[1, 1], [1, −1]}, which correspond to the preferred and transverse directions. The eigenvalues for any three-dimensional TSRW model's moment of inertia matrix are expected to scale as
where the values of ν j and A j may or may not be independent of direction j . Hence, there are two types of anisotropy: scaling anisotropy where different eigenvalues scale with different exponents (ν i = ν j ), and a milder anisotropy where only the constants A j differ. The moment of inertia tensor, I, for a walk configuration ϕ n of n steps, defined by the positions of its n + 1 monomers (sites) as the set { r i = (x i , y i , z i ); i = 0, . . . , n}, is given by
(3.24) Table 5 . Estimates of 2ν from the differential approximant analysis of the eigenvalues of the mean moment of inertia tensor computed about the centre of mass. Estimates of the critical points x i of the associated generating functions are included to show quality of convergence. (P -P -P ) has two eigenvalues, the larger having multiplicity 2. SAW has only one eigenvalue and the estimate here comes from [16] . We also note here that for the (P -R-2) model although λ 3 λ 2 we estimate ν 2 ν 3 . This implies that corrections to scaling are masking that ν 2 = ν 3 . (4)(7) 1.0011(6) 1.31(3)(5) (P -P -P ) 2nd 0.9997 (16) 
In our enumerations we computed the expectation of the moment of inertia tensor averaging over all walks ϕ n of length n, that is,
where the sum is over all walks, ϕ n , of length n. The value of the moment of inertia depends on the origin of the coordinate system. Now, the trace of the moment of inertia tensor yields
which is equal to twice the mean square distance of a monomer to the endpoint if I is computed about one endpoint of the walks, or 2 R 2 g if I is computed about the centre of mass. So, to expand on our radius of gyration enumerations, we enumerated the centre of mass 1 n+1 n j =0 r j for each walk and then the components of the moment of inertia matrix about the centre of mass. The enumerations of the mean moment of inertia tensor computed about the centre of mass for our five models are given in appendix C.2.
In a similar manner to the analysis of the R 2 g n data, we used second-order inhomogeneous differential approximants to analyse the scaling of the eigenvalues of the mean moment of inertia tensor computed about the centre of mass, which we denote as λ 1 (n), λ 2 (n) and λ 3 (n) in ascending order of size. Note that since the trace of a matrix is the sum of its eigenvalues the scaling of the mean square monomer-to-end distance and the radius of gyration are dominated by the scaling of the largest eigenvalue. The results of this analysis are given in table 5.
These results for each of the five models indicate that the smallest eigenvalue, λ 1 (n), apparently scales with an exponent that is smaller than the exponent associated with the two larger eigenvalues. These two larger eigenvalues seem to scale with approximately the same exponent, that is ν 2 = ν 3 . The value obtained for this exponent is the same as the one obtained from the analysis of the radius of gyration. This anisotropic scaling implies that the typical walk looks like a flattened ball, and that the ball becomes flatter as the walk length increases. It is interesting to note that the degree of anisotropy in the exponents seems to be of the order of 5%, in contrast to 50% found in the two-dimensional ASSAW (and DW) models. If it were true that this anisotropy were real it would indeed be curiously subtle, and unusual, for threedimensional critical phenomena, as far as we are aware. Intriguingly, on closer examination of the results we find that the smallest eigenvalue is also typically the best converged, and it is (with the exception of the (P -R-2) model), well converged to a SAW-like value close to 1.20 with errors that encompass the best series estimate of the unrestricted SAW model of 1.184 (6) . So the best converged (the biased shift in the exponent is about the same size as the statistical spread of approximants and is about 0.01) differential approximant analysis is for the smallest eigenvalue: one might expect naively that the smallest eigenvalue is affected most by corrections-to-scaling and so behaves the worst under scaling analysis. Moreover, the analyses of the largest eigenvalues have such large systematic errors that the estimate-ranges often encompass (sometimes just so) the SAW value of 1.184 (6) . It is then advantageous to attempt to analyse these eigenvalue scalings again with other techniques.
Because of these unusual results we then analysed the series data again, making allowances for the existence of analytic and non-analytic corrections-to-scaling by fitting to an assumed scaling form in much the same manner as [29] , and as we did for the further scaling of c n in section 3.3. In particular, we examined the cases of analytic corrections (to order 1 n 2 ) and non-analytic corrections of the form 1 √ n as reasonable guesses, assuming some compatibility with previous SAW work: that is, we considered
We did not fit directly to the above scaling form (since we did not have conjectured values of 2ν); rather we fitted to the term-by-term logarithm of the series
The (linear) fits were then examined on the basis of the stability of the coefficients. For each of these two forms above the exponent 2ν was either allowed to be free, fixed at a SAW-like value of 1.19, or fixed to the apparent differential approximant calculated estimate obtained previously (1.29 for the 3D-spiral models and 1.23 for the new class). We illustrate this analysis in more detail for (P -P -P ) walks.
Exact fitting to corrections-to-scaling for (P -P -P ) model.
For the (P -P -P ) model the mean inertia tensor takes the form Figure 10 . A plot of the λ 1 (smallest eigenvalue of the moment of inertia tensor) differential approximants for the (P -P -P ), which estimate the exponent 2ν. The mean value of the critical points and exponents of these approximants is indicated. The vertical dashed line is simply the x = 1 (correct) critical point, while the horizontal dashed line marks the SAW value of the exponent 2ν. The estimate of the exponent from the radius of gyration analysis, Rg Est, is also marked.
and such a matrix has the following eigenvalues, λ j , and eigenvectors, φ j :
and
The first interesting feature to notice is that this rule is not automatically isotropic, unlike the 2D-spiral (P ) class model. Differential approximant analysis on the two eigenvalues of the (P -P -P ) model yielded (see table 5 and figure 10):
as n → ∞ with 2ν 3 ≈ 1.29 (18) (3.37) where the errors quoted here are simply the sum of the statistical and systematic errors. The central estimates of the exponents imply that (P -P -P ) walks scale anisotropically, and that the typical walk is shaped like a flattened ball, shorter in the [1, −1, 1] direction, with a preferred plane normal to this. Since one eigenvalue apparently scales with a smaller exponent the ball becomes flatter as the walks become longer. Since the radius of gyration is the sum of the eigenvalues (up to a constant), the scaling of R 2 g n is dominated by the scaling of the largest and less well-converged eigenvalues; this translates into the relatively poor convergence of the R 2 g n series data for this model. On the other hand, both estimates' ranges include the SAW value of 1.19. So we might conclude that it is simply the case that the larger eigenvalues are afflicted with large corrections-to-scaling.
As mentioned above, it would be an unusual result if the walks scale as three-dimensional SAWs in one direction, and differently in the other two. To explore this result further we tried to fit the eigenvalues directly to the scaling forms given by equations (3.29) and (3.30), in much the same way as [29] , to examine the possible corrections-to-scaling. The results of these fits are given in appendix D.2. In summary, the smallest eigenvalue is fitted best with standard 1 n corrections with a dominant exponent close to the unrestricted SAW value, in agreement with the differential approximant analysis. However, the larger eigenvalue can also be fitted with an exponent of 2ν = 1.19, which is close to the unrestricted SAW value, if 1 √ n corrections (as in (3.30) ) are added, and moreover, this is arguably the best fit of six attempted for the larger eigenvalue. Hence one can argue sensibly from these fits that a SAW-like exponent is not only consistent with, but rather the best value (of those tried) for all the eigenvalues of the (P -P -P ) model. See appendix D.2 for further details.
Similar results have been obtained for the other four models: (P -O-3), (P -R-2), (S-C-P ) and (P -2-2). In particular, we see that the fitted values for ν drop with increasing n with either 1 n or 1 √ n corrections, suggesting that the differential approximant estimates (particularly for the larger eigenvalues) are too high.
We therefore can conclude from the above analyses that strong corrections-to-scaling occur in the scaling of largest eigenvalues of the moment of inertia (and hence in the radius of gyration) of the models in the apparent new universality class and also those in the 3D-spiral class. Furthermore, by including such corrections into the analysis the enumeration data is consistent with there being only one scaling exponent, namely that of the unrestricted SAW.
Discussion
We now review the various analyses and conflicting conclusions made from those above analyses to come to some global conclusions. In the TSRW models we have examined, the radius of gyration data confirms an earlier suggestion [14] of a three-dimensional spiral universality class. Our data also supports the new suggestion that there is at least one other novel class. Poor convergence of the series analyses, based upon differential approximants, makes this conclusion contentious however. On the other hand, examination of the number of walks, c n , again using differential approximants, seems to indicate that all the models considered have approximately the same value (within error) of their entropic exponent γ and, further, that the scaling of c n does not contain e √ n or e n 2/3 factors that may invalidate the differential approximant analyses. Moreover, the symmetries of the walk rules offer little insight into the differences in their R 2 g n scaling, in distinction to two dimensions. The turning number of the rule, which we have defined here, does seem to be a better candidate as a microscopic criterion to differentiate the scaling behaviours of the TSRW models, though this too is problematic. Our examination of the scaling of the eigenvalues of the inertia tensor for five of the models indicates that the smallest eigenvalue is the best behaved numerically and, further, that it scales with an exponent quite close to that of the SAW universality class. While the analyses of the larger eigenvalues seem to be hampered by relatively larger corrections-to-scaling, they reflect the analysis of the radius of gyration which gives an exponent central-estimate larger than the SAW value. However, further analysis of the larger eigenvalues are also consistent with lower SAW-like values of the exponents.
The above facts leave us with a couple of alternate and reasonable conclusions. Of course, there are other possibilities given the moderate size of some of the errors on our analyses but the following are the most likely, consistent, and simplest conclusions. Either (1) all the TSRW models in three dimensions we examined (and probably all symmetricmixing rules) are members of the unrestricted SAW universality class with different corrections-to-scaling (categorized maybe by the turning number) or (2) the walk rules split into at least three universality classes with different values of the exponent ν. The non-SAW-like classes have anisotropic exponents which are only slightly anisotropic (of the order of 5%). Moreover, all classes have one exponent (the smallest) that takes on a value very close to the 3D-SAW one.
Also, we conclude that the exponent γ for any of the TSRW models examined (and presumably all symmetric-mixing models) probably takes on the SAW value (around 1.16) or a value very close to it. Now, given our further analysis of the moment of inertia eigenvalues the weight of evidence favours the first conclusion, we believe. In any event it would be advantageous indeed to have confirmation of some of these results using Monte Carlo simulations.
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Appendix A. Square lattice balanced and reverse-balanced walk rules
Starting with the unrestricted SAW rule in two dimensions and deleting possible moves, whilst imposing the balance and reverse-balance condition, one arrives at all the interesting rules first: being SAW (rule 1) and other SAW-like rules (rules 2, 3 and possibly 4), spiral (rule 7), three-choice (rule 5), two-choice (rule 6(a)) and reverse-two-choice (rule 6(b)). That is, these rules have the most continuing steps, as one might expect-all these rules have, at most four, missing continuing steps. We provide in figure A1 a complete list of all the distinct (up to rotations, reflections and reversals) symmetric-balanced rules starting with the rules with the most continuing steps. In constructing this list we have found a new walk rule, which we informally call the anti-spiral (rule 4). From our enumerations we have placed this model tentatively in class S, although another possibility is that it belongs to a novel universality class. On the other hand, others [30] argue that this rule should be in class D. We are currently analysing longer enumerations of this rule † [31, 32] . A summary of the universality classes of the contents of the figure A1 is given in table A1. 
Series analysis of the longest series generated (50 terms) seems to indicate that anti-spirals is a separate universality class. However, our preliminary Monte Carlo results up to length 8192 imply that the rule may indeed be directed, or close to it, which in turn implies that a slight modification of the 'mixing' condition may be necessary in two dimensions. Figure A1 . Diagrams of all 24 distinct (up to rotations, reflections and reversals) balanced TSRW rules on the square lattice. The rules are classified according to their apparent universality class. Each pair of rules 6(a) and 6(b), rules 13(a) and 13(b), and rules 16(a) and 16(b) are simply reversals (traversing the rule backwards) of each other respectively. We have assigned each distinct rule a number label (in bold) above each pictogram, and indicated below each rule both the degeneracy of the rule on the left and on the right the number of continuing steps that have to be removed from the unrestricted SAW rule to give that rule (e.g. −4 means four steps need to be removed).
Appendix B. Number of symmetric-balanced rules
Appendix B.1. Calculating the total number of balanced rules
For a rule to be balanced we require that there are the same number of continuing steps in the positive component as in the negative component of each axial direction. On the d-dimensional hypercubic lattice there are a total of 2d − 1 different possible continuing steps in each of the positive and negative components of each axial direction.
To obtain a balanced rule with k continuing steps in some positive axial direction we hence require that there be k continuing steps in the negative axial direction. There are We can sum this over k to get the number of rules that are balanced with respect to that axis:
Since there are d directions on the hypercubic lattice we obtain the following result:
the number of balanced rules on the hypercubic lattice = 4d
However, there are rules that are balanced that are not reverse-balanced, and hence we wish to calculate the cardinality of the symmetric-balanced rule space.
Appendix B.2. Calculating the number of symmetric-balanced rules sorted according to the number of TSCs
In this section we do two things simultaneously: we count the number of symmetric-balanced rules and further we sort them according to the number of TSCs the rule contains. To do this we will introduce suitable generating functions. To accomplish the first task we make use of MacMahon's λ = operator [33] , which is a 'constant term' operator (see below).
We show here in detail the analysis for square lattice TSRW and then just state the result for higher-dimensional hyper-cubic lattices. We first write the M matrix for two dimensions (in the manner described in section 2) as with each variable entry taking the value of 0 or 1. That is, the TSRW rules are in bijection with matrices with binary entries constrained by the condition that the elements in the positions (1, 2), (2, 1), (3, 4) and (4, 3) are fixed to be 0. Let us call the set of all such matrices M. The symmetric-balance conditions for the square lattice are given by
That is, we require the sum of the first two rows (columns) to be equal and the sum of the second two rows (columns) to be equal. To be able to sort rules according to the number of TSCs we introduce a generating function whose variable t counts the number of TSCs. As an example, we can easily write down the TSC generating function g all (t) for all rules. Let us assign a variable, t, to each TSC in the rule (which is equivalent to assigning a variable to each non-zero element of M ). The generating function is obtained by summing over all the possible allowed matrices M , that is M ∈ M:
We can impose the symmetric-balance conditions by associating an additional weight with each element of M and then taking the constant term of the resultant polynomials with respect to these variables. To illustrate the method in detail, we first consider the number of balanced rules sorted according to the number of TSCs. This generalizes the result of the previous section. The TSC generating function g bal (t) we require is then
(B.10)
We now show that this generating function g bal (t) can be written as the constant term of a generalized generating function P (µ x , µ y ; t) with respect to the new variables µ x and µ y .
Taking the constant term of such a series is described by the action of the operators 
In our work all the series we consider are finite: that is, they are polynomials. We begin by rewriting the balance constraint on the sum over the rules as a Kronecker δ factor acting on an unconstrained sum. Hence we have
The Kronecker δ picks out of the unconstrained (finite) sum the terms satisfying the conditions. Another way to evaluate a finite sum of the form j a j δ(f (j )) is to introduce a variable that 'counts' deviations from this constraint and takes the constant term of the resulting function. That is,
Introducing variables µ x and µ y to take account of the two constraints we obtain
which also provides the definition of the function P (µ x , µ y ; t). Note that P (µ x , µ y ; t) can be constructed by forming a generating function from the set M by weighting the (non-zero) elements in column 1 by µ x and those in column 2 by 1/µ x and weighting the (non-zero) elements in column 3 by µ y and those in column 4 by 1/µ y , as well as weighting any (nonzero) element by t. Now we can easily evaluate P (µ x , µ y ; t) as a product in the same way we previously found g all (t). Hence, examining the operand P (µ x , µ y ; t) in more detail gives
(1 + µ y t) 3 
In this case one can explicitly evaluate the constant term as
The coefficient of t n is the number of balanced configurations of M with n TSCs. Note that putting t = 1 recovers the result (B.3) in the case d = 2.
We now consider the generating function of rules that are symmetric-balanced in two dimensions. We define a generating function that counts such rules according to the number of TSCs as
where the * on the sum means that the sum is constrained by both conditions (B.5) and (B.6). Again this can be written as a multiple constant term expression, As constructed, the coefficient of t n represents the number of symmetric-balanced TSRW rules made up of n TSCs. This can be explicitly seen, after some counting, from the catalogue of appendix A. By a similar process as that outlined above we obtain the following results for three dimensions: Table C2 . The enumeration data, c n and R 2 g , for the rules (S-C-3), (S-C-P ), (3-3-C) and (S-P -3). Table C3 . The enumeration data, c n and R 2 g , for the rules (P -O-3), (P -3-3) and (P -2-2). Table C4 . The enumeration data, c n and R 2 g , for the rules (P -P -3), (P -R-2) and (P -P -P ).
(P -P -3) (P -R-2) (P -P -P ) Table C6 . Eigenvalues of the moment of inertia tensor computed about the centre of mass for the (P -2-2) and (P -R-2) rules. coefficients of these corrections are small in all cases and though quite unstable, they appear to be decreasing in magnitude as n increases (but not monotonically). Given their apparent size, it is likely that these corrections are spurious. Whether a value of γ closer to 1.16 or 1.19 produces a better fit is a matter for debate. We have included both fits for completeness. −0.012 045 3271 Table D2 . Linear fit of the enumerations, c n , for the rule (P -P -P ), to various scaling forms, with and without corrections, and with γ fixed at the SAW value. Table D4 . The coefficients of three fits to the smallest eigenvalue, λ 1 (n), of the moment of inertia for the (P -P -P ) model. The top fit allows the value of ν to be free while the bottom two fits fix this exponent. These fits use Table D5 . The coefficients of three fits to the larger eigenvalue, λ 3 (n) = λ 2 (n), of the moment of inertia for the (P -P -P ) model. The top fit allows the value of ν to be free while the bottom two fits fix this exponent. These fits use (table D5) is clearly unstable with 2ν 3 decreasing and the coefficient a 2 changing rapidly. Furthermore, by fixing the value of 2ν 3 to 1.29, which is the same as the free estimate of around 1.29, a big change is produced in the coefficient a 2 . Better behaved are some of the fits Table D6 . The coefficients of three fits to the largest eigenvalue, λ 3 (n) = λ 2 (n), of the moment of inertia for the (P -P -P ) model. The top fit allows the value of ν to be free while the bottom two fits fix this exponent. These fits use corrections, is best supported by the data fits. While somewhat debatable, it is certainly consistent with the data fits.
